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Summary

This report considers the errors that accompany
the application of the “Q-circle” method to res-
onators that are more complex than the simple
resistance-inductance-capacitance (RLC) circuit, for
which it was derived and is exact. The method is
based on determining the ratio of the center fre-
quency to the “intercept bandwidths” defined by the
@-circle method.

Two lumped circuits and a distributed circuit
were analyzed using both symbolic and numerical
methods. It was concluded that the Q-circle method
can produce large errors or even fail completely,
especially when measuring the loaded ), because
the impedance components of complex resonators
can differ significantly from those of simple RLC
resonators.

Introduction

It is an established practice to treat high-Q
lumped and distributed networks near resonance
as clementary three-element resistance-inductance-
capacitance (RLC) circuits.  The widely used
“Q-circle” measurement procedure (ref. 1, p. 408) is
based on this assumption. It is shown here that this
assumption can lead to errors when measuring the
Q-factor of more complex resonators that are heav-
ily loaded by the external source.

In the @Q-circle method, the resonator is assumed
to behave as a series (or parallel) RLC circuit and
the intercept frequencies are found experimentally for
which the components of impedance satisfy

[m[2)] = Re[2](for Qu) 1)

and
|Im [Z]I = Ro+Re[Z] (for Q) (2)

where Re[Z] and Im[Z] are the real and imaginary
parts of impedance, respectively, and Q,, and Q; are
the unloaded and loaded Q-factors, respectively. The
Q-factor is then determined from

Q= wy/Aw (3)

where Aw represents the frequency increments mea-
sured above and wy denotes the resonant frequency.
Equation (3) will be shown to be exact for simple
series (or parallel) RLC circuits, regardless of the Q-
factor, but not for more complex circuits such as
in figure 1. This is shown to be due to the fact
that the impedance components of the circuit vary
with frequency differently from those in a pure series
RLC circuit, thus causing the Q-factor determined
by equation (3) to be in error.
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Figure 1. Four-element resonant circuits.

Symbols

C capacitance

Ceq equivalent capacitance

Co shunt capacitance

Im|[ ] imaginary part of | |

I, peak current

J symbolic representation of algebraic
expression

J imaginary operator

K ratio of pole-zero spacing to 3-dB
semibandwidth

L inductance

Leg equivalent inductance

14 length

n order of A/2 resonance

P average power




dw
€R
€R0

Q-factor

deviation of measured @ from
actual @

Q computed from wy/Aw

@ computed from phase slope and
resonant series resistance

loaded Q-factor

Q1 computed from Q. and 3.
unloaded Q-factor

series-arm unloaded Q-factor
resistance

real part of [ |

equivalent series resistance
source resistance

shunt resistance

series resistance

time

peak voltage

peak energy

series-arm reactance function

impedance function of circuit in
figure 1(b)

impedance function of short-
circuited transmission line
characteristic impedance of trans-

mission line

impedance function of circuit in
figure 1(c)

real part of complex propagation
constant

frequency-dependent o

imaginary part of complex propaga-

tion constant

coupling factor

complex reflection coeflicient
pole-zero spacing

relative dielectric constant

low-frequency value of relative
dielectric constant in a dispersive
medium

A wavelength

T one-way propagation time

w radian frequency

Aw intercept bandwidth

wo resonant frequency

W singular frequency of denominator
of Z.(w)

Wen singular frequency of numerator of
Ze(w)

w1 - positive intercept frequency
Re[Z(w)] = Im[Z(w)]

wo negative intercept frequency

(~Re[Z(w)] = Im[Z(w))

Review: The Q-Factor of a Series RLC
Circuit
As a preliminary discussion and review, equa-

tion (3) is derived for a series RLC circuit having
the impedance function

Z(w):Rerj(wL—;lé) =Rs+j X(w) (4)

The fundamental definition of @ is (ref. 1, p. 349)

0= 27 (Peak energy stored)  woW (5)
~ Energy dissipated per cycle P

where W is the peak energy stored and P is the aver-
age power dissipated during a period T. At a current
maximum, all stored energy is in the magnetic field
of L. When driven from a source resistance Ry, ¢
is given by

wo(LI2/2) _ wol

(1,/v2) (R + Ry To+ R ?

QL=

which is well-known. The unloaded @ (ie., Qy) is
found from equation (6) with Ry = 0. It follows that

Qu Rs+Ry .  Ro_
o= TR SR A (O

where the factor Ry/Rs, which is designated the
coupling factor 8, in Q-circle terminology, is the ratio
of power dissipated by the source resistance Ry to
that dissipated by the resonant circuit. For a series
resonance, . is found by inverting the value on the
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Smith chart where the resonant locus intersects the
real axis.

In the experimental determination of { using
equation (6), Rs and wp are measured directly at wg,
but L cannot be determined by a single-frequency
measurement at wg. The slope of the reactive part of
equation (4) (i.e., X(w)) at resonance is

dX (w)

— =2L ()

w=wg

The experimental determination of L is especially
easy for the reactance function X (w) in equation (4)
because it has the interesting and useful property
that the slope of all lines connecting points of equal
magnitudes and opposite signs always equals the
slope at resonance. That is,

2R _dX(w)
w(R) —w(-R)  dw

=2L  (9)

w=wy

where w(+R) are the values of the inverse function
of X(w), that is, w(X), when |X| = R. Since
equation (9) is true for any value of R, it must be
true for R = Ry + Rg; and thus Q (from egs. (6),
(8), and (9)) is given as

Ry + Rs 1
“0(Ro + Rs) —w(—Ro — Rs) Ro + Rs 0

QL=

which reduces exactly to equation (3). Thus, the
Q-circle method is exact for a series (or, by duality,
a parallel) RLC resonator.

Examples of Q-Circle Measurement
Error

The remainder of this paper considers the con-
sequences of applying equation (3) to lumped and
distributed element resonant networks for which the
Re [Z(w)] can vary with frequency and the reactance
functions do not satisfy equation (9), on which the
derivation of equation (3) and the Q-circle method
are based. Three examples are presented in the fol-
lowing discussion.

Example 1: Lumped Element Circuit

The circuit of figure 1(a) was used in reference 1
to model the effect of coupling-circuit loss on the
Q-factor measured by the voltage standing-wave ra-
tio (VSWR) method (ref. 1, p. 413). The effect of the
added loss resistance on a @Q-circle measurement is
carried out here for the circuit dual of figure 1(a) and

is shown in figure 1(b). Although the Q of the cir-
cuit is lower with R, than without Ry, the Q-factors
computed from equation (3) will be shown to be less
than the correct values, as found from equation (5).

The impedance components of the circuit of fig-
ure 1(b) are

RpRs(Rp + Ry) + Rp X2 (w)

Re[Z4(w)] = (Rp + Rs)? + X2(w)

(11)

and
Rf,X(w)
(Rp + Rs)? + X%(w)

Im([Z 4(w)] = (12)

where X (w) is the series-arm reactance function. Fig-
ure 2 is a computer-generated plot of equations (11)
and (12) and illustrates how the shunt-loss element

modifies the behavior of a series circuit. The
degradation in @, with R, = 500 can be shown to
be about 1 percent. Near resonance where X(w) <<
R, + Rs, equations (11) and (12) can be closely
approximated as

Re(Z4()| ¥ o + g X' (13)
and
R 2 R2
(14)
Element values
Rs = 5 ohms
L = 81nH
C = 032pF

200 Im[ZA], Rp =0° ~\ .

/Re[ZA], R, = 500

RelZy] R, = o

Resistance or reactance, ohms
©

Im(Zy], R, = 500
| L J

.800 1.000 1.200
Frequency, GHz

2

Figure 2. Components of impedance for four-element
resonator.



Relative to the series arm alone, the resonant re-
actance slope is reduced by the factor [R,/(Rp+Rs)]?
and the series resistance is reduced by the factor
Ry/(Rp + Rs), resulting in a net decrease in @, by
the factor R,/(Rp+Rs). At the frequencies satisfying
equations (1) and (2), the nonlinear terms in X(w)
in equations (13) and (14) cause the behavior shown
in figure 2; the experimentally determined reactance
slope decreases and series resistance increases, rela-
tive to the values at wy. Both of these effects tend
to produce a Q-factor lower than that defined by
equation (5).

Figure 3 is a Smith-chart plot of Z4(w) that in-
cludes the @, and @ intercepts defined by equa-
tions (1) and (2). When |X(w)| >> R, far
from resonance, the locus begins and ends inside
the chart perimeter. If the frequency sweep is suf-
ficiently wide, additional intersections with the lines
Im[Z 4] = Re[Z 4] will occur, and either a second pair
of intersections—or no intersections at all—with the
lines Im [Z 4] = Re[Z4] + Ry will occur, depending
on the value of R,,. Thus, the Q-circle procedure can
be in error—or even fail completely.

Element values
R; = 5ohms
L =81nH

C =032pF

Figure 3. Smith-chart/Q-circle plot of example circuit
impedance components (0.5-2 GHz).

The approach used here to evaluate the error associated with the application of equation (3) to nontrivial
resonators is to find the true Q from the resonant series-equivalent circuit for comparison with Q as determined
by equation (3). Regardless of the actual circuit topology, it is assumed to be exactly representable at resonance
as a simple series RLC circuit, as shown in figure 4. The equivalent series resistance Req is found by evaluating
equation (11) at wp, and the equivalent series inductance Legq is found by applying equation (8) to equation (12).

From equations (6) and (8), @y, is

_ o Im(Za @)=y

woLRg (15)

Q=™ 5g, [Z 4{wo)]

Here, Q,, is found by letting Ry = 0 in equation (15).

Vp cos( (,oot)

~ (Ryp+ Rs)(RoRy + RoRs + RyRy)

Figure 4. Series-equivalent model at resonance.
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Computation of @ by using equation (3) requires an analytical determination of Aw. The direct application
of equation (2) to equations (11) and (12) leads to a quadratic in X (w), which is solved using a power-series
representation for the radical term. The frequencies at which X (w) has the values satisfying equation (2) are
then found without further approximations. This approach avoids solving a fourth-degree polynomial. The
quadratic in X (w) with Im [Z 4] positive in equation (2) is

2 sy, (Bot Re)(RpRs + RoRs + RoRp) _ y
X*(w) RHRPX(H o 1 E, =0 (X(w)>0) (16)
which has the solutions
B R2 4(Rp + Rs)(RyRs + RoRs + RoRy)(Ro + Rp)
X m |- 7] ; )

For values of Rs, Rp, and Ry of interest, the second term under the radical is small compared to unity, and
the radical is approximated by a three-term power series in the variable J, which is defined as

Ry
The series approximation for the radical is
J JZ .
(1—.])1/2%1—5—? (19)

which is accurate to at least 2 percent when J < 0.5. More terms can be carried if greater accuracy is required.

The negative square root in equation (17), denoted by X», corresponds to the smallest positive value of
X (w) satisfying equation (2), that is, the positive root nearest resonance and the positive root of primary
interest here. Using equation (19) with (17) gives

(Rp + Rs)%(RpRs + RoRs + RoRp)?(Ro + Rp)

x, = (Bp+ Rs)(RpRs + RoRs + RoRp)
2= Rg

Ry

+ (20)

The only approximation used in the derivation of equation (20) was the series approximation in equation (19).

Because of the symmetry characteristics of equations (11) and (12), the root of the quadratic equation
corresponding to negative Re [Z] in equation (2) (i.e., X1) is the negative of equation (20). That is, X; = —X>.
The bandwidth Aw is found by solving the series-arm reactance equations

Xy = woL — LT:E (21)
and
X1 =-Xpg=wlL- ;1% (22)
for wg — w1 = Aw, which leads to
Aw = % (23)

Following the Q-circle procedure and substituting equation (23) into equation (3) gives the measured @, (i.e.,
QL) as

~ wpL

= 24

QL X, (24)

5



It can be seen upon combining equations (20) and (24) that @ differs from Qp in equation (15). The
fractional difference between these Q-factors is found from equations (15), (20), and (24) as

AQL _ QL—Qr _

(Rp + Rs)(RpRs + RoRs + RyRp)(Ro + Rp) (25)

QL

For heavy external loading (large 8;), Ry >> Rj.
This simplification and assuming that R, >> Rj
permits equation (25) to be approximated as

8Qp ,__(Ro/Ry) + (Ro/Rp)® oo
Q. T+ (Ro/Rp) + (Ro/Ry)?

The error in @, is found by setting Ry to zero in
equation (25):

AQu _ _ (Bs/Bp) + (Rs/Rp)

Qu 1+ (Rs/Ry) + (Rs/Ryp)?

Thus, when Ry >> Ry the f£acti0nal error in @u is
much less than the error in 7 —a fact that can be
used to advantage when using the Q-circle method.
An alternative to using equation (24) and the @

1ntercepts is therefore to measure Qu and ﬂc and

compute Q [, from

2 Qu
QL_1+BC (28)

To the extent that 30 is accurately measured, the
error in @L is that associated with @u, given by
equation (27), as compared with equation (26) for
Qr-

Substituting equation (15) into equations (26)
and (27) with Ry/Ryp, Rs/Ry, and Rs/Ry << 1 gives

the approximations

AQL wgL

Qr  QLRp (29)
and AQ I
v, Y0
Qu ~ QuORp (30)

in which @, is the series-arm (). These equations
are useful for assessing the potential measurement
errors associated with known element values.
Another interesting observation can be made
upon computing the degradation of Qyp by Rp,

AQuO _ QuO—Qu 1 Qu
Ow = Gw T Qw Y

QL Ri+(Rp+ Rs)(RyRs + RoRs + RoRy)(Ro + Rp)

which is found from equation (15) with Rg = 0 as

AQuO _ Rs/Rp
Qu 1T (B:/Ry) (32)

A comparison of equations (32) and (27) reveals that
the fractional error in measuring @, is approximately
the same as the fractional reduction of Qyo by Rp.
For the element values used in figures 2 and 3,

AQO/Quo and AQy /@, are about 0.01 and AQL/QL
is about 0.091.

It was this disparity between Q [, and Q 1, that pro-
vided the initial motivation for this work. A Hewlett-
Packard (HP) 8510B vector network analyzer was
automated to perform the )-circle routine and pro-
vided a level of repeatability unobtainable with man-
ual plocedures. A systematic difference between @y,

and @ 1, as large as 10 percent was observed in a va-
riety of heavily loaded microwave resonators. This
disparity might have been previously overlooked, or
obscured, because of the inaccuracies associated with
manual measurements.

Example 2: Distributed Circuit

The input impedance of a lossy, short-circuited
transmission line is

Zp(f) =

Figure 5 plots the computed components of impedance
of a short-circuited, precision-coaxial 30-cm air line,
with the loss parameter (0.0065 dB/in. at 2.6 GHz)
based on measurements by the HP 8510B vector net-
work analyzer. Figure 6 plots the impedance compo-
nents of a state-of-the-art, shorted duroid microstrip
transmission line (Rogers RT/duroid 5870) having
the same electrical length as the air line. Both plots
show multiple resonances and the conditions that
produced Q-circle error in the lumped element case:
Re[Zp(w)] is frequency dependent and Im[Zp(w)]
does not satisfy equation (9). As in the lumped
element case, Re [Zg(w)] increases away from reso-

nance, which acts to make Q, < Qy; in contrast,
Im[Zg(w)] results in a reactance slope measured be-
tween the intercept points that exceeds the reso-
nant value. It will be shown that the former effect

Zpgg tanh{af + j36) (33)



dominates @, in a transmission-line resonator, that
Qu < Qu, and that @y, can in some situations exceed

QL.

""" Re[Zg(w)] Air line parameters
— Im[Zg(w)] |o =0.0065 dB/in. at 2.6 GHz
eg = 1.000
60 — 0
£ N I
o | i i
o vl i
g | ¥
3! |} HE
§ 0 Lo A
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#
"4
-60 3
0 1 2

Frequency, GHz

Figure 5. Components of impedance for 30 cm x 7 mm short-
circuited air line.

Microstrip parameters
Substrate: RT/duroid 5870
Substrate thickness: 10 mils
€Ro- 2.2
Line width: 28 mils
Line length: 8700 mils
Loss tangent: 0.0012

------ Re[Zg(@)]
— Im(Zp(®)]

Resistance or reactance, ohms
o]

3

NL_

0 1
Frequency, GHz

Figure 6. Components of impedance for short-circuited
microstrip line.

__ Figures 5 also suggests that the error in measuring
Q1 might increase with the order of the resonance,
which is shown to be true. An examination of figure 5
reveals that @), as defined by equation (3), can be
measured with the air line. The term Re[Zp(w)] in-
creases from 0.194 ohm at resonance to 0.501 ohm at
the upper intercept point; the resultant error in Qp,
is less than 0.6 percent. In the microstrip line case,
Re [Zpg(w)] increased considerably from the resonant
value and is not negligible with respect to Rp. It
appears that this effect will, at least initially, reduce
the error in @ ; however, an analytical expression
was not derived for this case.

The analysis of the distributed-element case par-
allels that applied to the lumped element case: the
Q-factor computed from equation (15) is compared
with that computed from equation (3). Using an
identity for hyperbolic functions having complex ar-
guments and recognizing the fact that 8¢ = wr allows
equation (33) to be expressed as

sinh[2 a(w) £] + j sin(2wT)
B0 cosh[2 a(w) €] + cos(2wr)

Zpw) =2 (34)

for a nondispersive line, where 7 is the one-way
propagation time. The attenuation constant a(w)
is assumed to be constant in the vicinity of each
resonance, but increasing stepwise with the order of
resonance. As a consequence, the derivatives of a{w)
with respect to w are zero around each resonance.

The reactance slopes of Zg(w) evaluated at the
the nth A\/2 resonance, where wr = nm, is

d ZpoT
S=—Im[Z = — 35
paalt2:10) . cosh?[a(@) ] (35)
and
Zppsinh[2 a(w) ¢]
Re[Zp(W)lw=nr/r =
w=nn/T 2 cosh?[a(w) ¢] wen /7
(36)
The unloaded @Q defined by equation (15) is
wT nw
Qu= sinh[2 a(w) £ . "~ sinh[2 a(w) 4] (37)
7



When 2a(w)f << 1, then sinh[2a(w)l ~ 2a(w)?
and equation (37) can be closely approximated as

Qu= — 5 (38)

aX  2a
At a fixed frequency, @, is therefore independent of
the line length and/or the order of the resonance.
The unloaded @ that would be measured using
equation (3) is found by applying equation (1) to
equation (34) with w = (n7/7)+(Aw/2), which leads
to

sinh[2 a(w) €] = | sin(Aw )| (39)

Equation (39) is solved for Aw, which is used in
equation (3) to find

A _wo _ woT
Qu = Aw  sin~!{sinh[2 a(w) ]} “0)

The ratio of Q, to Q. is, from equations (37)
and (40),

Qu _ nm/Qu
5; - sin~I(n7/Qy) (41)

Since @, in equation (41) is essentially indepen-
dent of n, higher order resonances (n > 1) at a fixed
frequency produce greater errors in measuring (Jy, ac-
cording to equation (38). This can be attributed to
the fact that Aw becomes a larger fraction of the
pole-to-pole spacing of equation (34) that decreases
with increasing n. However, the error in Qu becomes
practically significant only when nn/Q, > 0.25, for
which equation (41) is 1 percent low.

The value of @ [ cannot always be found by the
Q-circle method, as demonstrated by figure 3 with
Rp = 250, and must be computed by using equa-
tion (15) or (28). Figure 5 represents a case for which
Q, can be found since equation (2) can be satisfied.
In this case, Re[Z(w)] is entirely negligible compared
with Rp over the full @ intercept bandwidth.

Here, Qg is found from equations (15) and (35)
with a(w) = 0 and is given as

w()ZB() T n7rZBO
QL= "3R, 2R, (42)

and Q 1, is found by determining the Aw for which

_ Zppsin(2wr)

= =Zpnt 4
1 + cos(2wT) Bo tan(wr) (43)

Ry

when w = (nn/7) + (Aw/2), as indicated by the
vertical dashed line in figure 5 (n = 1; Ry = 50).

8

This is found to be

Aw = z tan~! (Zﬂ) (44)

T B0
which is used in equation (3) to get

- nmw

QL= ST (Ro/Z50)

(45)

In contrast to @u, @ L > @ since the only error
in equation {45) was due to the slope measurement,
which was larger than the correct, or resonant, value.
Equation (45) is applicable only if Re [Zg(w)] << Rp
at the intercept points. Subject to this restriction,
equation (45) is independent of the absolute value of
@, which can be made arbitrarily large by increasing
n in equation (42). For example, with n = 10 and
Ry/Zpo = 0.5, @ = 31 and @L is 8 percent high.

Example 3: Dual Resonarice

The circuit of figure 1(c) has two resonances, with
the desired resonance an impedance zero and the ad-
jacent resonance an impedance pole. The presence
of the adjacent complementary resonance can signif-
icantly affect the value of Q,, to the point that a
measurement by equation (3) is not possible. The
additional reactive element results in a fourth-order
impedance function, as with the circuit of figure 1(a);
however, the equation that arises from equating the
real and imaginary parts of Z.(w) in equation (1)
is not easily reducable as was the case with Zg(w),
corresponding to figure 1(b). Therefore, this case is
analyzed by essentially numerical methods. A com-
puter model is evaluated to determine the Q-factors
computed by equation (3) for comparison with those
computed from equation (15).

The circuit of figure 1(c) has the impedance
function

R + jlwL — (1/wC)] )
1+ (Cy/C) — w?LCqy + jwRsCy

Ze (w) = (46)

For mathematical simplification, define the singular
frequencies of equation (46) as

1
where the numerator is purely real, and
Co+C
2 [\
= 4
Wed LCCy ( 8)

where the demoninator is purely imaginary. These
are not the exact series or parallel resonant
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frequencies-—at which Z;(w) is purely real—except
when R is zero; however, it has been observed that
the values computed by equations (46) and (47) are,
for practical purposes, the same as those exhibited
by the model over a wide range of parameters when
Quo > 100. In other words, the deviations of wsp
and w,, from the actual series and parallel resonant
frequencies are small compared with the semiband-
width of the series arm (wsp/Qyo) alone.

To facilitate model evaluation, it is desirable to
derive a relationship between Cp and the spacing
between the series and parallel resonances, éw. It
follows from

5w = (J.)Sd - {Jan (49)

and some manipulation of equations (47) and (48)
that

6w = wen {\ﬁ + (1/LCow?,) — 1] (50)

which is normalized to the series-arm 3-dB semiband-
width, Aw/2Qy0, and the result is defined as K:

K= A—i"/—g = 20w [,/1 +(C/Cy) - 1] (51)

Solving equation (51) for C/Cy gives

Q_(_K_

The L, C, and Ry in figure 1(c) were selected
to give a series-arm @, (i.e., Quo) of 1000, and Cy
varied in increments computed by equation (52) to
locate the pole K semibandwidths away from the
zero. The behavior with respect to K of the Z-plane
components and the corresponding I'-plane locus is
cataloged in figure 7, and all Z-plane data are plotted
together in figure 8 for K = 100, 30, 10, and 3.

2
) 1= LO (Quo £0.1) (52)

K=3

6

.......... Re[Zg(w)]
—— Im[Zg(o)]

Resistance or reactance, ohms
L=

{ )
8599 1.000 1.001
Frequency, GHz

Figure 8. Components of impedance with adjacent singularity.
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In all cases, Re [Z(w)] is not symmetrical around
the frequency at which Im [Z(w)] = 0. With K < 10,
it is clear from figure 8 that relative to K = 100,
the resonant frequency is shifting upward (produc-
ing a larger Req) and the reactance slope is decreas-
ing (corresponding to a smaller L¢g) as defined by
equation (8); @, is unquestionably lowered by the
adjacent pole. For K = 3, resonance detuning is
about 25 percent of the 3-dB semibandwidth, Leg is
increased by 15 percent, and the resonant reactance
slope is decreased by 13 percent. Furthermore, this
extreme case could not be measured by equation (3)
since there is no intersection with Re[Z.(w)] when
Im [Z.(w)] is positive.

1.0 B
[=]
S 9
™~
9
]
5
3 8F
Q
g
=
<& — Reactance-slope method
L ==== O-circle (intercept) method
{ 1 [ 1 i
1 3 7 10 30 100

K

Figure 9. Unloaded @ determined using intercept bandwidth
and phase-slope methods with adjacent secondary reso-
nance K 3-dB semibandwidths away.

The Q-factors defined by equations (3) and (15)
were computed from linearly interpolated, computer-
generated impedance data for the pole-zero sepa-
rations listed above. The reactance slope was ap-
proximated over the center 10 percent of the 3-dB
bandwidth, and the @ that was computed from
equation (15) was taken as the correct value. The
K = 100 case is essentially the same as K = oo
and indicates that the computational accuracy is bet-
ter than 1 x 1073, These results are plotted in fig-
ure 9, where it can be seen that the difference in @y
from equations (3) and (15) is about 3 percent when
K = 10 and 0.3 percent when K = 30; thus it is ad-
visable to ensure that K is 30 or more before using
equation (3).

Discussion of Results

The Q-circle method for experimentally determin-
ing Q from measured impedance data was shown to
be in error for three resonant circuit configurations



more complex than a simple series or parallel RLC
circuit. Two of these circuits were chosen for their
ease of analysis, and the third was evaluated numer-
ically with a computer model. Q-circle measurement
error was shown to be a consequence of the com-
ponents of impedance not satisfying the conditions
necessary for wg/Aw to exactly equal the Q-factor.
Lumped and distributed circuit examples were cited;
and AQ/Q, the fractional difference between wg/Aw
and the true Q-factor, was determined. R

From a practical standpoint, errors in Q, were
shown to be insignificant unless (1) the lumped cir-
cuit Q-factor was low (Q, < 100), (2) the charac-
teristic impedance of a transmission-line resonator
was less than the source impedance and/or the res-
onance of very high order (n >> 1), or (3) a com-
plementary resonance was located within thirty 3-dB
semibandwidths of the desired resonance. However,
it was demonstrated that the Q-circle method can
produce very large errors in Q, particularly in Qp,
and even fail completely in some situations. The fac-
tor AQ/Q was shown to vary inversely with the true
Q-factor and, therefore, to be proportional to the in-
tercept bandwidth. That is, the lower the Q-factor
the greater the difference between wp/Aw and the
true Q-factor.

Numerical evaluation was applied to a four-
element circuit having a closely adjacent comple-
mentary impedance singularity near the desired reso-
nance, as in a piezoelectric-crystal equivalent circuit.
The radical distortion of the impedance characteris-
tic relative to a simple RLC produced a 3-percent er-
ror in @u for a singularity ten 3-dB semibandwidths
away from the desired resonance.

Overall, if a disparity was observed between @u as
determined from equation (3) and that as computed
from equation (15), or if a disparity was observed be-
tween Q7 and the value computed from equation (28)
with @u and A, it was concluded that the latter re-
sults from both cases should be considered the more
accurate.

Concluding Remarks

This report has considered the errors that ac-
company the application of the “Q-circle” method
to resonators that are more complex than the sim-
ple resistance-inductance-capacitance (RLC) circuit,
for which it was derived and is exact. The method
is based on determining the ratio of the center fre-
quency to the “intercept bandwidths” derived by the
Q-circle method.

Two lumped circuits and a distributed circuit
were analyzed using both symbolic and numerical
methods. It was concluded that the Q-circle method
can produce large errors or even fail completely,
especially when measuring the loaded @, because
the impedance components of complex resonators
can differ significantly from those of simple RLC
resonators.

NASA Langley Research Center
Hampton, VA 23665-5225
February 5, 1991
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